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Introduction

Introduction

A soft set can be considered as an approximate description of an object. Each
approximate description has two parts, namely predicate and approximate value set.
The soft set is a mapping from a parameter to the crisp subset of universe.
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Introduction

Molodtsov [7](1999) initiated the concept of soft set theory as a new approach for
modeling uncertainties. Then Maji et al. [3](2001) expanded this theory to fuzzy soft
set theory. the algebraic structure of soft set theories has been studied increasingly in
recent years. Aktas and Cagman [3](2007) defined the notion of soft groups. Feng et
al.[5](2008) initiated the study of soft semirings and finally, soft rings are defined by
Acar et al.[1](2010). In this study, we introduce the fuzzy soft rings which is a
generalization of soft rings introduced by Acar and we study some of their properties.
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Fuzzy Soft Sets

Fuzzy Soft Sets

Let X be an initial universe set and E be all of convenient parameter set for the
universe X.

Definition

A pair (F, E) is called a soft set over X if only if F is @ mapping from E into the set of all
subsets of the set X, i.e., F : E — P(X), where P(X) is the power set of X. [7]

In other words, the soft set is a parameterized family of subsets of the set X. Every set
F(e), for every e € E, from this family may be considered as the set of e-elements of
the soft set (F, E), or considered as the set of e-approximate elements of the soft set.
According to this manner, we can view a soft set (F, E) as consisting of collection of
approximations:

(F,E)={F(e): ec E}
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Fuzzy Soft Sets

Fuzzy Soft Sets

Let / be a closed unit interval, i.e., I = [0, 1], and E be all of convenient parameter set
for the universe X.

Definition

Let /X denotes the set of all fuzzy sets on X and A C E.
A pair (f, A) is called a fuzzy soft set over X, where f is a mapping from A into /Xi.e.,
f:A—s X [3]

That is, for each a € A, f(a) = fa: X — |, is a fuzzy set on X.
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Fuzzy Soft Sets

Fuzzy Soft Sets

Remark: Every fuzzy-soft-set is a soft set.

Let (F, E) be a fuzzy-soft-set, where F : E — /X is a mapping given by

F(e) = Fe € IX,Ve € E. Here Fe is a fuzzy set, i.e, Fe : X — I.

By using the fuzzy set Fe, we can define a function F : A x | —s P(X) such that
F(e,a) = (Fe)a, Y(e,a)e€ Ax I,

where (Fe)« is a-level set of the fuzzy set Fe.

Hence, (F, E x I) is a soft set. [7]
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Fuzzy Soft Sets

Fuzzy Soft Sets

On the other hand, if we know the soft set (F, E x /), then by the definition of F, we
have the family of a-level sets of the fuzzy set Fe,, for each e; € E. According to this
manner and by using the decomposition theorem of fuzzy sets [?], we can obtain the
initial fuzzy set Fe; = F(e;). That is, we can reconstruct the initial function F : E — X
and obtain the initial fuzzy soft set (F, E). [7]
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Fuzzy Soft Sets

Fuzzy Soft Sets

Obviously, a classical soft set (F, E) over a universe X can be seen as a fuzzy soft set

(F, E) according to this manner, for e € E, the image of e under F is defined as the
characteristic function of the set F(e), i.e.,

_ 1, ifae F(e);
Fe(a) = xr(e)(a) = {0, otherwise.
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Fuzzy Soft Sets

Fuzzy Soft Sets

Definition

Let (f, A) and (g, B) be fuzzy soft set over a common universe X. Then (f, A) is called
a fuzzy soft subset of (g, B) and write (f, A) C (g, B) if

(i) Ac B,and

(ii) For each a € A, fa < ga, that is, f; is fuzzy subset of ga. [3]
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Fuzzy Soft Sets

Fuzzy Soft Sets

Definition

Let (f, A) and (g, B) be two fuzzy soft sets over a common universe X with A B # 0.
The intersection of (f, A) and (g, B) is the fuzzy soft set (h, C) where C = An B and
he = fe A ge, Ve € C.

We write (f, A) M (g, B) = (h, C). [2]
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Fuzzy Soft Sets

Fuzzy Soft Sets

Definition

Let (f, A) and (g, B) be two fuzzy soft sets over a common universe X. The union of
(f,A) and (g, B) is the fuzzy soft set (h, C) where C = AU B and

fe, ifce A—B
h(c) = ge, ifceB-A, VceC.
fzVge, ifccANB

We write (f, A) LI (g, B) = (h, C). [3]
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Fuzzy Soft Sets

Fuzzy Soft Sets

Definition
Let (f;, A)icy be a family of fuzzy soft sets over a common universe X with
Nicy Ai # 0. The intersection of these fuzzy soft sets is a fuzzy soft set (h, C) where

C=[)Aiand h(c) = A fi(c), Yc € C.
ied ied

We write M;cy(f;, A;) = (h, C). [2]
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Fuzzy Soft Sets

Fuzzy Soft Sets

Definition
Let (f;, A)icy be a family of fuzzy soft sets over a common universe X. The union of
these fuzzy soft sets is a fuzzy soft set (h, C), C = U A;jandforall c € C,
ied
h(c) = \/ fi(c),where J(c)={i€l:ceA}.[2]
ied(c)
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Fuzzy Soft Sets

Fuzzy Soft Sets

Definition

If (f, A) and (g, B) are two fuzzy soft sets over a common universe X, then (f, A) AND
(g, B) is denoted (f, A)A(g, B). (f, A)A(g, B) is defined as (h, A x B) where
h(a,b) = hyp = fa A gp, V(a,b) € Ax B.[3]

Definition

| A\

If (f, A) and (g, B) are two fuzzy soft sets over a common universe X, then (f, A) OR
(g, B) is denoted (f, A)V(g, B). (f, A)V(g, B) is defined as (h, A x B) where
h(a,b) = hap = faV gp, V(a,b) € Ax B. [3]

A\
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Fuzzy Soft Sets

Fuzzy Soft Sets

Definition
Let (f, A) be a fuzzy soft set. The set supp(f, A) = {x € A: f(x) = fx # Ox} is called
the support of the fuzzy soft set (f, A).

A fuzzy soft set is said to be non-null if its support is not equal to Ox.
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Fuzzy Soft Ring

Fuzzy Soft Ring

From now on, R denotes a commutative ring and all fuzzy soft sets are considered over
R.

Definition

Let (F, A) be a non-null soft set over a ring R. Then (F, A) is said to be a soft ring
over Riff F(a) is a subring of R for each a € A. [1]
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Fuzzy Soft Ring

Fuzzy Soft Ring

Definition
Let (f, A) be a non-null fuzzy soft set over a ring R. Then (f, A) is called a fuzzy soft
ring over R iff f(a) = fa is a fuzzy subring of R foreach a € A, i.e.,

fa(x — y) = fa(X) A fa(y)
fa(X'y) Z fa(X) A fa(y) ,VX,y € R.

That is, for each a € A, f; is a fuzzy subring in Liu’s sense [2].
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Fuzzy Soft Ring

Fuzzy Soft Ring

Let N be the set of all natural numbers and define f : N — [F by f(n) = f, : R — |,
for each n € N, where
1 i _ n .
()= 41 |fx_l.<2 , dk € Z;
0, otherwise.
Then the pair (f, N) forms a fuzzy soft set over R, and the fuzzy soft set (f, N) is a
fuzzy soft ring over R.

, where Zis the set of all integers.
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Fuzzy Soft Ring

Fuzzy Soft Ring

Let (f, A) and (g, B) be two fuzzy soft rings over R. If (f, A)A(g, B) is non-null, then it is
a fuzzy soft ring over R.

Proof.

Let (f, A)A(g, B) = (h, AxB), where h, ;, = f2 A g for all (a, b) € AxB. Since (h, AxB)
is non-null h p = fa A gp # Ox.

We know that f5,Va € A and gy, Vb € B are fuzzy subrings of R and so is

h(a, b) = hap = fa A gp,

V(a, b) € AxB, because intersection of two fuzzy subrings is also a fuzzy subring. [

<

Hence (h, AxB) = (f, A)A(g, B) is fuzzy soft ring over R.
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Fuzzy Soft Ring

Fuzzy Soft Ring

Let (f, A) and (g, B) be two fuzzy soft rings over R. If (f,A) 11 (g, B) is non-null, then it
is a fuzzy soft ring over R.
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Fuzzy Soft Ring

Fuzzy Soft Ring

Definition

Let (f, A) and (g, B) be two fuzzy soft rings over R. Then (g, B) is said to be a fuzzy
soft subring of (f, A) if the followings are satisfied:

(i()BC A

(i) gc is a fuzzy subring of f;, for all ¢ € Supp(g, B).
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Fuzzy Soft Ring

Fuzzy Soft Ring

Let (f, A) and (g, B) be two fuzzy soft rings over R. If gx < fx, for all x € B C A, then
(g, B) is a fuzzy soft subring of (f, A).

| \

Theorem

Let (f, A) and (g, B) be two fuzzy soft rings over R. If (f,A) 1 (g, B) is non-null, then it
is a fuzzy soft subring of (f, A) and (g, B).
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Fuzzy Soft Ring

Fuzzy Soft Ring

Let (f;, Ai)icy be a family of fuzzy soft rings over R. Then
(i) If \jcy(fi; Ai) is non-null, it is a fuzzy soft ring over R.
(i) If Micy(f;, Ai) is non-null, it is a fuzzy soft ring over R.
(iii)If {A; : i € J} are pairwise disjoint, then Lijc (f;, A;) is a fuzzy soft ring over R.

Banu Pazar Varol and Halis Aygiin Kocaeli University



Fuzzy Soft Ideal of a Fuzzy Ring

Fuzzy Soft Ideal of a Fuzzy Ring

If £ is an ideal of a ring R, we write £ < R.

Definition

Let (f, A) be a fuzzy soft ring over R. A non-null fuzzy soft set (v, £) over R is called
fuzzy soft ideal of (f, A), denoted by (v, £)<i(f, A), if satisfies the following:

(iyecCA

(i) vx is a fuzzy ideal of fuzzy ring fx, Vx € Supp(~, £).

That is, for each x € supp(v, £), vx is a fuzzy ideal in Martinez’ s sense [6].
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Fuzzy Soft Ideal of a Fuzzy Ring

Fuzzy Soft Ideal of a Fuzzy Ring

Remark: Every fuzzy soft ideal of a fuzzy soft ring (f, A) over R is a fuzzy soft subring
of (f, A), but not every fuzzy soft subring of (f, A) is a fuzzy soft ideal.
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Fuzzy Soft Ideal of a Fuzzy Ring

Fuzzy Soft Ideal of a Fuzzy Ring

Let (1, 41) and (2, £2) be fuzzy soft ideals of a fuzzy soft ring (f, A) over R. Then
(71, £1) N (2, £2) is a fuzzy soft ideal of (f, A) if it is non-null.

Proof.

Let (y1,41)<(f, A) and (2, £2)<(f, A). By the definition, we write

(71,€1) 1 (72, £2) = (7, £), where £ = £ N £p and yx = 1 (x) A y2(x) for all x € £.
Since /1 C Aand ¢> C A, we have /1 N4 = £ C A.

Suppose that (v, £) is non-null. Let x € Supp(~, £), then vx = v1(x) A v2(x) # Ox.
Since (1, 41)<(f, A) and (2, £2)<(f, A), we infer that v1 (x) and y2(x) are both fuzzy
ideals of fx. Hence, ~x is a fuzzy ideal of fx for all x € Supp(~, £). Therefore,

(71,21) M (72, £2) = (7, £) is a fuzzy soft ideal of (f, A). O

v
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Fuzzy Soft Ideal of a Fuzzy Ring

Fuzzy Soft Ideal of a Fuzzy Ring

Let (1, 41) and (2, £2) be fuzzy soft ideals of a fuzzy soft ring (f, A) over R. If ¢4 and
0> are disjoint, then (v1,41) U (2, £2) is a fuzzy soft ideal of (f, A).
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Fuzzy Soft Ideal of a Fuzzy Ring

Fuzzy Soft Ideal of a Fuzzy Ring

(v, £i)icy be a family of fuzzy soft ideals of fuzzy soft ring (f, A) over R. Then have the
followings:

(i) \icy(ai, £;) is a fuzzy soft ideal of (f, A) if it non-null.

(i) Micy(ai, ¢;) is a fuzzy soft ideal of (f, A) if it is non-null.

(i) If {¢; : i € J} are pairwise disjoint, then U;c (i, ¢;) is a fuzzy soft ideal of (f, A) if it
is non-null.
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Idealistic Fuzzy Soft Rings

Idealistic Fuzzy Soft Rings

Definition

Let (f, A) be a non-null fuzzy soft set over R. Then (f, A) is said to be an idealistic
fuzzy soft ring over R if fy is a fuzzy ideal of R for all x € Supp(f, A).

That is, for each x € Supp(f, A), fx is a fuzzy ideal of R as defined by Dixit et al.
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Idealistic Fuzzy Soft Rings

Idealistic Fuzzy Soft Rings

Let (f, A) be a fuzzy soft set over R and B C A. If (f, A) is an idealistic fuzzy soft ring
over R, then (f, B) is an idealistic fuzzy soft ring if it is non-null.

| \

Theorem

Let (f, A) and (g, B) be two idealistic fuzzy soft rings over R. Then (f,A) 1 (g, B) is an
idealistic fuzzy soft ring over R if ti is non-null.

A\
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Idealistic Fuzzy Soft Rings

Idealistic Fuzzy Soft Rings

Let (f, A) and (g, B) be two idealistic fuzzy soft rings over R. If A and B are disjoint,
then (f, A) U (g, B) is an idealistic fuzzy soft ring over R.

Proof.
Let (f,A)U (g, B) = (h, C) where C = AU Bandforall c € C,

fe, ifce A— B
h(c) = de, ifceB-A
feVge, ifceAnB

Suppose that An B = 0. Then for all x € Supp(h, C) we have that either x € A— B or

x € B— A D/
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Idealistic Fuzzy Soft Rings

Idealistic Fuzzy Soft Rings

If x € A— B, then hy = fy is a fuzzy ideal of R since (f, A) is an idealistic fuzzy soft
ring over R.

If x € B— A, then hy = gx is a fuzzy ideal of R since (g, B) is an idealistic fuzzy soft
ring over R.

Thus, for all x € Supp(h, C), hy is a fuzzy ideal of R. Consequently,

(h, C) = (f,A) LU (g, B) is an idealistic fuzzy soft ring over R. g

If Aand B are not disjoint by the related theorem, then the theorem is not true in
general, because the union of two different fuzzy ideals of a fuzzy ring R may not be a
fuzzy ideal of R.
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Idealistic Fuzzy Soft Rings

Idealistic Fuzzy Soft Rings

Thus, for all x € Supp(h, C), hy is a fuzzy ideal of R. Consequently,
(h, C) = (f,A) LU (g, B) is an idealistic fuzzy soft ring over R. O

If A and B are not disjoint in Theorem 5.5, then the theorem is not true in general,
because the union of two different fuzzy ideals of a fuzzy ring R may not be a fuzzy
ideal of R.
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Idealistic Fuzzy Soft Rings

Idealistic Fuzzy Soft Rings

Let (f, A) and (g, B) be two idealistic fuzzy soft rings over R. Then (f, A)A(g, B) is an
idealistic fuzzy soft ring over R if it is non-null.

Theorem

| \

Lety : R — S be an epimorphism of rings. If (f, A) is an idealistic fuzzy soft ring over
R, then (p(f), A) is an idealistic fuzzy soft ring over S.

A\
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Homomorphism of Fuzzy Soft Rings

Homomorphism of Fuzzy Soft Rings

In this section we show that the homomorphic image and pre-image of a fuzzy soft ring
are also fuzzy soft ring.

Definition

Letp: X — Y and +) : A— B be two functions, where A and B are parameter sets
for the crisp sets X and Y, respectively. Then the pair (¢, ) is called a fuzzy soft
function from X to Y.
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Homomorphism of Fuzzy Soft Rings

Homomorphism of Fuzzy Soft Rings

Definition

Let (f, A) and (g, B) be two fuzzy soft sets over X and Y, respectively and let (¢, ¢) be
a fuzzy soft function from X to Y.

(1) The image of (f, A) under the fuzzy soft function (¢, v), denoted by (p, ¥)(f, A), is
the fuzzy soft set over Y defined by (i, %)(f, A) = (p(f), 1 (A)), where

Vox)=y V(e fa(x), ifx e o™ (y);
f — p(X)=y V(a)=k , vk € (A),Vy € Y.
$(Nk(y) {o otherwise. V(A vy

)
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Homomorphism of Fuzzy Soft Rings

Homomorphism of Fuzzy Soft Rings

Definition

(2) The preimage of (g, B) under the fuzzy soft function (¢, 1), denoted by
(¢,%)~ (g, B), is the fuzzy soft set over X defined by

(2, 4)7 (9, B) = (¢~ 1(9), ¥~ (A)), ST

©=1(g)a(X) = Gy(a)(©(X)), vae ¢~ '(A), ¥x € X.

If ¢ and ¥ is injective (surjective), then (¢, %) is said to be injective (surjective).
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Homomorphism of Fuzzy Soft Rings

Homomorphism of Fuzzy Soft Rings

Definition

Let (o, ¢) be a fuzzy soft function from X to Y. If ¢ is @ homomorphism from X to Y
then (¢, v) is said to be fuzzy soft homomorphism. If ¢ is a isomorphism from X to Y
and ¢ is one-to-one mapping from A onto B then (¢, ) is said to be fuzzy soft
isomorphism.
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Homomorphism of Fuzzy Soft Rings

Let (f, A) be a fuzzy soft ring over R and (¢, 1) be a fuzzy soft homomorphism from R
to S. Then (p,v)(f, A) is a fuzzy soft ring over S.

Proof.

Let k € w(A) and yq,y2 € Y. If o= (y1) = 0 or o= (o) = 0 the proof is
straightforward. Let assume that there exist x1, X € X such that

o(x1) = y1,0(x2) = Yo.
(k1 — yo) \V \ fat)
P()=y1—y2 ¥(a)=k

> \V falxi — %)

w(a):k O
> \/ (fa(x1) A fa(x2))

y(a)=k
=V A\ falxe)

bla)=k w(@)=k
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Homomorphism of Fuzzy Soft Rings

Homomorphism of Fuzzy Soft Rings

This inequality is satisfied for each x4, xo € X, which satisfy o(x1) = y1, @(X2) = yo.
Then we have

oyt — y2) > ( V V fa(ﬁ)) A ( V Vv fa(iz)) =
p(t)=y1 P(a)=k p(t)=y2 (a)=k
o(Ni(y1) A (i (y2)-
and similarly, we have o (f)x(y1 - y2) > o(f)x (1) A p(Fk(y2)- O
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Homomorphism of Fuzzy Soft Rings

Homomorphism of Fuzzy Soft Rings

Let (g, B) be a fuzzy soft ring over S and (p, 1) be a fuzzy soft homomorphism from R
to S. Then (¢,)~ (g, B) is a fuzzy soft ring over R.

Proof

Letac 4~ 1(B)and x{,xo € X.
e N(Qalx - X2) = Gya)(e(x1 - x2))
9y(a)(P(X¥1) - p(x2))
sz(a%

((x1)) A Gy (a) ((X2))
9a(x1) A~ (9)a(X2).

Wl

and similarly,
we have o~ (g)a(x1 — %2) > ¢~ (@)a(x1) A " (g)alx2)- O
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